
Geometric group theory
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Lent 2015

1. Write down a quasi-isometry between metric spaces that is not contin-
uous.

2. Show that d(x, y) =
√
|x− y| defines a proper metric on R. Deduce

that the hypothesis that X is geodesic cannot be dropped from the
Schwarz–Milnor Lemma.

3. Prove that metric spaces X and Y are quasi-isometric if and only if
there exist quasi-isometric embeddings f : X → Y and g : Y → X
such that f ◦g and g ◦f are each a bounded distance from the identity.
Deduce that quasi-isometry is an equivalence relation.

4. Show that a Cayley graph of an infinite finitely generated group con-
tains an isometrically embedded copy of R.

5. There is a natural action of Z on S∗ which cyclically permutes the let-
ters of a word. The elements of the orbit of w ∈ S∗ under this action
are called the cyclic conjugates of w. A word w ∈ S∗ is called cyclically
reduced if all its cyclic conjugates are reduced. Prove that each conju-
gacy class in F (S) contains a cyclically reduced representative. State
and prove a uniqueness result.

6. In lectures, we used the fact that CayS(F (S)) is a tree to deduce the
Normal Form Theorem for elements of free groups. Use the Normal
Form Theorem for elements of free groups to prove that CayS(F (S)) is
a tree.
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7. Let γ ∈ F (S). Prove that there is a unique isometrically embedded
copy of R in CayS(F (S)) preserved by γ.

8. Describe the presentation complexes for the following presentations.
(We use the notation [a, b] = aba−1b−1.)

(a) P ≡ 〈a1, a2, b1, b2 | [a1, b1][a2, b2]〉
(b) Q ≡ 〈a, b, c | [a, b], [b, c], [c, a]]〉

9. Consider a presentation P ≡ 〈S | R〉 for a group Γ and let X̃P be the
universal cover of the corresponding presentation complex. Prove that
the 1-skeleton X̃

(1)
P is Γ-equivariantly isomorphic to the Cayley graph

CayS(Γ).

10*. The purpose of this question is to give examples of pairs of groups
which are quasi-isometric but not commensurable. The 3-dimensional
Lie group Sol can be identified with R3, equipped with the following
multiplication.

(x1, y1, t1) · (x2, y2, t2) = (x1 + et1x2, y1 + e−t1y2, t1 + t2)

Let A,B ∈ SL2(Z) each have two distinct real eigenvalues.

(a) Define the group ΓA to be Z2 × Z with the following product.

((a1, b1), c1) · ((a2, b2), c2) = ((a1, b1) + Ac1(a2, b2), c1 + c2)

(This is the semi-direct product Z2 oA Z.) Find an injective ho-
momorphism ΓA → Sol.

(b) Show that ΓA and ΓB are isomorphic if and only if A is conjugate
to B±1 in GL2(Z).

(c) Show that ΓA and ΓB are commensurable if and only if Am and
Bn are conjugate in GL2(Q), for some m,n 6= 0.

(d) Show that ΓA and ΓB are always quasi-isometric. (You may use
the fact that Sol admits a left-invariant Riemannian metric with-
out proof.)

(e) Deduce that there exist groups ΓA, ΓB, that are quasi-isometric
but not commensurable.
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